Explicit bounds on canonical Green functions of modular curves by Bruin, Peter
ar
X
iv
:1
20
7.
61
30
v1
  [
ma
th.
NT
]  
25
 Ju
l 2
01
2
Explicit bounds on canonical Green functions of modular curves
Peter Bruin
25 July 2012
Abstract. We prove explicit bounds on canonical Green functions of Riemann surfaces
obtained as compactifications of quotients of the hyperbolic plane by Fuchsian groups.
1. Introduction
Let H denote the hyperbolic plane, identified with the complex upper half-plane with holomorphic
coordinate z = x + iy. Let µ
H
= y−2dx dy denote the standard volume form on H. The group
SL2(R) acts isometrically on H by γz =
az+b
cz+d for γ =
(
a
c
b
d
) ∈ SL2(R) and z ∈ H. The Laplace
operator on H is ∆ = y2(∂2x + ∂
2
y).
A Fuchsian group is a discrete subgroup of SL2(R). A Fuchsian group Γ is called cofinite if
the volume of Γ\H with respect to the measure induced by µ
H
is finite.
Let Γ be a cofinite Fuchsian group, and let X be the standard compactification of Γ\H
obtained by adding the cusps. We assume that X has positive genus. There are two interesting
Green functions in this setting. First, we have the hyperbolic Green function grΓ outside the
diagonal on Γ\H×Γ\H, given by the structure of Γ\H as a quotient of the hyperbolic plane by a
Fuchsian group. This appears naturally in the spectral theory of automorphic forms. Second, we
have the canonical Green function grcanX outside the diagonal on X×X , given by the structure of X
as a compact Riemann surface of positive genus. This is a fundamental object in the intersection
theory on arithmetic surfaces developed by Arakelov [1], Faltings [5] and others, where it is used
to define local intersection numbers of horizontal divisors at the infinite places.
In this article we derive explicit bounds on grcanX using bounds on grΓ established by the author
in [3]. Our results are valid for any cofinite Fuchsian group, although we are motivated by the case
of arithmetic groups, and in particular congruence subgroups of SL2(Z). Bounds on the canonical
Green functions of the modular curves X1(n) are relevant to recent work of Edixhoven, Couveignes
et al. [4] and of the author [2], where Arakelov theory is employed to obtain a polynomial-time
algorithm for computing Galois representations attached to Hecke eigenforms over finite fields.
The following theorem illustrates our general results. To avoid having to deal with the logarith-
mic singularity, we only give an upper bound. More precise results are contained in Theorem 2.1.
Theorem 1.1. Let Γ be a congruence subgroup of level n of SL2(Z) such that the compactifica-
tion X of Γ\H has positive genus. Then the canonical Green function of X satisfies
sup
X×X
grcanX ≤ 1.6 · 104 + 7.7n+ 0.088n2.
It will make little difference to us whether the quotient Γ\H and its compactification X are
interpreted as as stacks with generic stabiliser Γ ∩ {±1} or as their coarse moduli spaces, which
are Riemann surfaces. To avoid any subtleties, the reader can restrict himself to groups containing
neither −1 nor any elliptic elements and with all cusps regular, such as Γ1(n) with n ≥ 5. Two
points are useful to keep in mind. First, as in [3], we define integration on Γ\H and X in a “stack-
like” way, so that in case −1 ∈ Γ, integrals over Γ\H or X are half of what the na¨ıve definition
gives. Second, the space of cusp forms of weight 2 for Γ, the space of holomorphic differentials
onX , and the space of holomorphic differentials on the coarse moduli space ofX are all isomorphic.
We write gX for the dimension of these spaces, and call it the genus of X .
Remark . A different approach to the problem of bounding canonical Green functions was taken
by Jorgenson and Kramer [11]. For compact quotients of the upper half-plane, they deduced an
interesting expression for the canonical Green function in terms of data associated to the hyperbolic
metric. In comparison, our method is less involved and applies more naturally to modular curves.
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2. Notation and statement of results
2.1. Cusps
Let Γ be a cofinite Fuchsian group. The cusps of Γ correspond to the conjugacy classes of maximal
parabolic subgroups of Γ. For every cusp c of Γ, we fix one such subgroup and denote it by Γc,
and we fix σc ∈ SL2(R) such that
{±1}σ−1
c
Γcσc =
{
±
(
1
0
b
1
) ∣∣∣∣ b ∈ Z
}
.
For z ∈ H, we write
qc(z) = exp(2πiσ
−1
c
z)
and
yc(z) = ℑσ−1c z = −
log |qc(z)|
2π
.
For all γ ∈ Γ, we write
Cc(γ) = |c| if σ−1c γσc =
(
a
c
b
d
)
.
It is known that if ǫ is a real number satisfying the inequality
0 < ǫ ≤ min
γ∈Γ
γ 6∈Γc
Cc(γ), (2.1)
then for all z ∈ H and γ ∈ Γ one has the implication
yc(z) > 1/ǫ and yc(γz) > 1/ǫ =⇒ γ ∈ Γc.
For any ǫ satisfying (2.1), the image of the strip
{x+ iy | 0 ≤ x < 1 and y > 1/ǫ} ⊂ H
under the map
H
σc−→ H −→ Γ\H
is an open disc Dc(ǫ) around c. The map qc induces a chart on Γ\H identifying Dc(ǫ) with the
punctured disc {z ∈ C | 0 < |z| < exp(−2π/ǫ)}. The disc Dc(ǫ) has the compactification
D¯c(ǫ) = {z ∈ Γ\H | yc(z) ≥ 1/ǫ} ∪ {c}.
2.2. The canonical (1, 1)-form
Let X be a compact connected Riemann surface of genus gX ≥ 1. The C-vector space Ω1(X) of
global holomorphic differentials on X has dimension gX and is equipped with the inner product
〈α, β〉 = i
2
∫
X
α ∧ β¯.
The canonical (1, 1)-form on X is
µcanX =
i
2gX
∑
α∈B
α ∧ α¯,
where B is any orthonormal basis of Ω1(X) with respect to 〈 , 〉. The form µcanX is independent
of the choice of B.
Let us now assume that X is (the coarse moduli space associated to) the compactification of
Γ\H with Γ a cofinite Fuchsian group. We define a smooth and bounded function FΓ on Γ\H by
FΓ(z) =
∑
f∈B
(ℑz)2|f(z)|2,
where B is any orthonormal basis for the space of holomorphic cusp forms of weight 2 for Γ. The
(1, 1)-forms µcanX and µH are related by
µcanX =
1
gX
FΓµH. (2.2)
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2.3. Spectral theory for Fuchsian groups
We collect here some facts that we will need. For proofs and further details, we refer to Iwaniec’s
book [6] or Hejhal’s two volumes [8] and [9].
Let Γ be a cofinite Fuchsian group. The Laplace operator on H induces an (unbounded,
densely defined) self-adjoint operator ∆Γ on the Hilbert space L
2(Γ\H). We will often work with
−∆Γ instead, since it is non-negative. The spectrum of −∆Γ consists of a discrete part and a
continuous part. The discrete part consists of eigenvalues, which we we denote by
0 = λ0 < λ1 ≤ λ2 ≤ · · · , λj →∞ as j →∞.
Let {φj}∞j=0 be a corresponding orthonormal system of eigenfunctions. The continuous part of the
spectrum of −∆Γ is the interval [1/4,∞) with multiplicity equal to the number of cusps of Γ. It
corresponds to the non-holomorphic Eisenstein series Ec(z, s).
Every smooth and bounded function on Γ\H has the spectral representation
f(z) =
∞∑
j=0
bjφj(z) +
∑
c
1
4πi
∫
ℜs=1/2
bc(s)Ec(z, s)ds,
where c runs over the cusps of Γ and the coefficients bj and bc(s) are given by
bj =
∫
Γ\H
fφ¯jµH and bc(s) =
∫
Γ\H
fE¯c( , s)µH.
For later use, we define, as in [3, § 2.5],
ΦΓ(z, λ) =
∑
j: λj≤λ
|φj(z)|2 +
∑
c
1
4πi
∫
ℜs=1/2
s(1−s)≤λ
∣∣Ec(z, s)∣∣2ds. (2.3)
It is known that for λ tending to ∞ and fixed z, this function is bounded linearly in λ.
2.4. The Green function of a Fuchsian group
Let Γ be a cofinite Fuchsian group. For every smooth and bounded function f on Γ\H, there exists
a unique smooth and bounded function gf on Γ\H such that
∆Γgf = f − 1
volΓ
∫
Γ\H
fµ
H
and
∫
Γ\H
gfµH = 0.
There exists a unique function grΓ on Γ\H× Γ\H that satisfies grΓ(z, w) = grΓ(w, z), is smooth
except for a logarithmic singularity along the diagonal, and has the property that if f is a smooth
and bounded function on Γ\H, then the function gf is given by
gf (z) =
∫
w∈Γ\H
grΓ(z, w)f(w)µH(w).
The function grΓ is called the Green function of the Fuchsian group Γ.
2.5. The canonical Green function of a Riemann surface
Let X be a Riemann surface. Let ∗ denote the star operator on smooth 1-forms, given with respect
to any local holomorphic coordinate z = x+ iy by
∗dx = dy, ∗dy = −dx.
If we identify X locally with the hyperbolic plane, an easy calculation shows that the operator
d ∗ d sending functions to (1, 1)-forms is related to the Laplace operator ∆ as follows: if f is any
smooth function on X , then
d ∗ df = ∆f · µ
H
.
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Let us now assume that X is compact, connected and of positive genus. Let α be a smooth
(1, 1)-form on X . Then there exists a unique smooth function hf on X such that
d ∗ dhα = α−
(∫
X
α
)
µcanX and
∫
X
hαµ
can
X = 0.
There exists a unique function grcanX on X ×X that satisfies grcanX (z, w) = grcanX (w, z), is smooth
except for a logarithmic singularity along the diagonal, and has the property that if α is a smooth
(1, 1)-form on X , then the function hα is given by
hα(z) =
∫
w∈X
grcanX (z, w)α(w).
The function grcanX is called the canonical Green function of X .
2.6. The main result
For all u > 1, we write
L(u) =
1
4π
log
u+ 1
u− 1 .
If Γ is a Fuchsian group and X is the compactification of Γ\H obtained by adding the cusps, we
write
ζΓ =
1
gX
∫
Γ\H
FΓµ
can
X −
1
volΓ
. (2.4)
We will commit the following abuse of notation: for z ∈ H and Z a subset of Γ\H, we write z ∈ Z
if the image of z in Γ\H lies in Z.
Theorem 2.1. Let Γ be a cofinite Fuchsian group, and let X be the compactification of Γ\H
obtained by adding the cusps. Let δ be a real number with δ > 1. For every cusp c of Γ, let
ǫ′
c
> ǫc > 0 be real numbers satisfying the inequalities
ǫ′
c
(
δ +
√
δ2 − 1)1/2 ≤ min
γ∈Γ
γ 6∈Γc
Cc(γ) and
(
δ +
√
δ2 − 1)ǫc ≤ ǫ′c
and small enough such that the discs Dc(ǫ
′
c
) are pairwise disjoint. Let Y be the compact subset
of Γ\H defined by
Y = (Γ\H) ∖ ⊔
c cusp
Dc(ǫc).
Let A and B be real numbers such that the hyperbolic Green function grΓ satisfies
A ≤ grΓ(z, w) +
∑
γ∈Γ
u(z,γw)≤δ
(
L(u(z, γw)− L(δ))) ≤ B for all z, w ∈ Y. (2.5)
Let C > 0 be such that the function ΦΓ(z, λ) defined by (2.3) satisfies
ΦΓ(z, λ) ≤ Cλ for all z ∈ Y and λ ≥ 1/4. (2.6)
Let η ∈ (0, 1/4] be such that the spectrum of −∆Γ is contained in {0}∪ [η,∞). With the notation
S =
√(
1
4η2
+ 4
)
CζΓ,
T (ǫ) =
supY FΓ
gX
( ǫ
4π
)2
for all ǫ > 0,
rδ =
1
24π
(√
2
δ − 1 + arctan
√
δ − 1
2
)
,
A˜c = A+#(Γ ∩ {±1})
[
1
ǫ′
c
(
1− 2
π
arctan
√
δ − 1
2
)
− ǫ′
c
rδ
]
,
B˜c = B +#(Γ ∩ {±1})
[
1
ǫ′
c
(
1− 2
π
arctan
√
δ − 1
2
)
+ ǫ′
c
rδ
]
,
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we have the following bounds on the canonical Green function grcanX (z, w):
(a) If z, w ∈ Y , we have
A− 2S − ζΓ/η ≤ grcanX (z, w) +
∑
γ∈γ
u(z,γw)≤δ
(
L(u(z, w)− L(δ))) ≤ B + 2S.
(b) If c is a cusp such that z ∈ Dc(ǫc), w ∈ Y and w 6∈ Dc(ǫ′c), or such that w ∈ Dc(ǫc), z ∈ Y and
z 6∈ Dc(ǫ′c), then we have
A− 2S − ζΓ/η ≤ grcanX (z, w) ≤ B + 2S + T (ǫc).
(c) If c, d are two distinct cusps such that z ∈ Dc(ǫc) and w ∈ Dd(ǫd), we have
A− 2S − ζΓ/η ≤ grcanX (z, w) ≤ B + 2S + T (ǫc) + T (ǫd).
(d) If c is a cusp such that z, w ∈ Dc(ǫ′c), we have
A˜c − 2S − ζΓ/η ≤ grcanX (z, w)−#(Γ ∩ {±1}) ·
1
2π
log |qc(z)− qc(w)| ≤ B˜c + 2S + 2T (ǫ′c).
In earlier work of the author [3], it was described how to compute explicit real numbers A
and B as in (2.5) and C as in (2.6) for concrete groups Γ, such as congruence groups of SL2(Z).
In Section 4 below, we will show that bounds on the function FΓ can likewise be found easily for
given groups Γ.
3. Tools
3.1. Comparison of hyperbolic and canonical Green functions
There is a standard way to relate the hyperbolic and canonical Green functions, which we will use
to find explicit bounds on the canonical Green function. Let Γ be a cofinite Fuchsian group, and
let X be the compactification of Γ\H. We define a function hΓ: Γ\H→ R by
hΓ(z) =
∫
w∈Γ\H
grΓ(z, w)µ
can
X (w)
=
1
gX
∫
w∈Γ\H
grΓ(z, w)FΓ(w)µH(w).
(3.1)
By the defining properties of grΓ, the function hΓ satisfies
∆hΓ =
1
gX
FΓ − 1
gX volΓ
∫
Γ\H
FΓµH
=
1
gX
FΓ − 1
volΓ
.
This implies that the canonical Green function of X can be expressed as
grcanX (z, w) = grΓ(z, w)− hΓ(z)− hΓ(w) +
∫
Γ\H
hΓµ
can
X . (3.2)
3.2. The Selberg–Harish-Chandra transform
Let k be a real number, and let ∆k = y
2(∂2x+ ∂
2
y)− iky∂x denote the Laplace operator of weight k
on H. Let θ: [1,∞)→ R be a piecewise smooth function with compact support. We define
θ(k)(z, w) =
(
w − z¯
z − w¯
)k/2
θ(u(z, w)).
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Let Ps,k be the generalisation of the Legendre function Ps−1(u) given by Fay [7, § 1] (note
that our definition of weight is twice that of [7]):
Ps,k =
(
2
u+ 1
)s
F
(
s− k
2
, s+
k
2
; 1;
u− 1
u+ 1
)
. (3.3)
We define the Selberg–Harish-Chandra transform of weight k of the function θ as
h
(k)
θ (s) = 2π
∫ ∞
1
θ(u)Ps,k(u)du. (3.4)
If f is an eigenfunction of −∆k with eigenvalue s(1− s), then we have∫
w∈H
θ(k)(z, w)f(w)dw = h
(k)
θ (s)f(z); (3.5)
see Fay [7, Theorem 1.5].
3.3. Automorphic forms
For simplicity, we take k = 2 from now on. We write
ν(γ, z) =
cz + d
cz¯ + d
=
(cz + d)2
|cz + d|2 for γ =
(
a
c
b
d
)
∈ SL2(R) and z ∈ H.
We recall that an automorphic form (of Maaß) of weight 2 for Γ is a smooth function f :H→ C
with the following properties:
(1) the function f satisfies the transformation formula
f(γz) = ν(γ, z)f(z) for all γ ∈ Γ and z ∈ H;
(2) for every cusp c of Γ, there is a real number κ such that |f(z)| = O(yc(z)κ) as yc(z)→∞.
A cusp form of weight 2 for Γ is a function f satisfying (1) and the following condition (which is
stronger than (2)):
(2′) for every cusp c of Γ there exists ǫ > 0 such that |f(z)| = O(exp(−ǫycz)) as yc(z)→∞.
Let L2(Γ\H, 2) denote the Hilbert space of square-integrable automorphic forms of weight 2
for Γ, equipped with the Petersson inner product.
Let θ be a function as in § 3.2. Then we have
θ(2)(γz, γw) =
ν(γ, z)
ν(γ, w)
θ(2)(z, w) for all γ ∈ SL2(R) and z, w ∈ H.
Let Γ be a cofinite Fuchsian group. We define
K
(2)
Γ,θ(z, w) =
∑
γ∈Γ
ν(γ, w)θ(2)(z, γw). (3.6)
This function satisfies
K
(2)
Γ,θ(w, z) = K
(2)
Γ,θ(z, w)
and, for all γ ∈ Γ,
K
(2)
Γ,θ(γz, w) = ν(γ, z)K
(2)
Γ,θ(z, w),
K
(2)
Γ,θ(z, γw) = ν(γ, w)
−1K
(2)
Γ,θ(z, w).
Now (3.5) implies that if f is an automorphic form of weight 2 for Γ satisfying −∆2f = s(1− s)f ,
then ∫
w∈Γ\H
K
(2)
Γ,θ(z, w)f(w)µH(w) = h
(2)
θ (s)f(z). (3.7)
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4. Explicit bounds on the canonical (1, 1)-form
Let Γ be a cofinite Fuchsian group. In this section we find bounds on the function FΓ that are easy
to evaluate explicitly in concrete cases. We essentially adapt the methods of Iwaniec [6, § 7.2] from
weight 0 to weight 2. This method is more elementary than that used by Jorgenson and Kramer
in [10], and our bounds are easy to make explicit, as the example in Section 6 shows.
For z ∈ H and b ≥ 1, we write
NΓ(z, b) = #{γ ∈ Γ | u(z, γz) ≤ b}.
Proposition 4.1. For every cofinite Fuchsian group Γ, all z ∈ H and all a > 1, we have
FΓ(z) ≤ (a− 1)NΓ(z, 2a
2 − 1)
8π
(
log a+12
)2 .
Proof . Let (f1, . . . , fg) be an orthonormal basis of the space of holomorphic cusp forms of weight 2
for Γ. We write
φj(z) = (ℑz)fj(z).
Then the φj are annihilated by the operator ∆2, and (φ1, . . . , φg) is an orthonormal system in the
Hilbert space L2(Γ\H, 2) of automorphic forms of weight 2 for Γ.
Let z ∈ H and a > 1 be given. We apply §§ 3.2 and 3.3 with
θ(u) =
{
1 if 1 ≤ u ≤ a,
0 if u > a.
In the Hilbert space L2(Γ\H, 2), we consider K(2)Γ,θ(z, w), as a function of w, and the orthonormal
system (φ1, . . . , φg). From Bessel’s inequality and (3.7), we obtain
g∑
j=1
∣∣h(2)θ (0)φj(z)∣∣2 ≤
∫
w∈Γ\H
∣∣K(2)Γ,θ(z, w)∣∣2µH(w).
We note that the left-hand side is equal to
∣∣h(2)θ (0)∣∣2FΓ(z). Let us denote the right-hand side by
κ(z); this is a Γ-invariant function of z with values in [0,∞). The definition (3.6) gives
κ(z) =
∑
γ1,γ2∈Γ
ν(γ1, w)θ
(2)(z, γ1w)ν(γ2, w)θ(2)(z, γ2w)µH(w).
Putting γ = γ1γ
−1
2 , we obtain after a straightforward computation
κ(z) =
∑
γ∈Γ
ν(γ, z)
∫
w∈H
θ(2)(z, w)θ(2)(γz, w)µ
H
(w).
This implies
κ(z) ≤
∑
γ∈Γ
∫
w∈H
θ(u(z, w))θ(u(γz, w))µ
H
(w).
By the definition of θ, the integral on the right-hand side can be interpreted as the area of the
intersection of the discs of area 2π(a− 1) around z and γz, respectively. By the triangle area for
the hyperbolic distance, this intersection is empty unless
u(z, γz) ≤ 2a2 − 1.
This implies
κ(z) ≤ 2π(a− 1)NΓ(z, 2a2 − 1),
and hence
|h(2)θ (0)|2FΓ(z) ≤ 2π(a− 1)NΓ(z, 2a2 − 1).
We evaluate h
(2)
θ (0) using (3.3) and (3.4). The hypergeometric series terminates after two
terms and gives
P0,2(u) =
2
u+ 1
.
This implies
h
(2)
θ (0) = 4π log
u+ 1
2
.
This finishes the proof.
7
The above proposition does not give the correct asymptotic behaviour of FΓ(z) for z close to
a cusp of Γ. The following result extends our bounds to neighbourhoods of the cusps.
Lemma 4.2 (cf. Jorgenson and Kramer [10, Theorem 3.1]). Let Γ be a cofinite Fuchsian group,
let c be a cusp of Γ, and let ǫ be a real number satisfying (2.1). Then for all z ∈ Dc(ǫ), we have
FΓ(z) ≤ (ǫyc(z))2 exp(4π/ǫ− 4πyc(z)) sup
∂D¯c(ǫ)
FΓ
≤


sup
∂D¯c(ǫ)
FΓ if ǫ ≤ 2π,( ǫ
2π
exp(2π/ǫ− 1)
)2
sup
∂D¯c(ǫ)
FΓ if ǫ > 2π.
Proof . Every holomorphic cusp form f of weight 2 for Γ has a q-expansion of the form
f(z)dz =
∞∑
n=1
ac,n(f)qc(z)
n · d(σ−1
c
z) with ac,n(f) ∈ C.
This implies
(ℑz)2|f(z)|2 = yc(z)2
∣∣∣∣
∞∑
n=1
ac,n(f)qc(z)
n
∣∣∣∣
2
.
Applying this to an orthonormal basis of the space of holomorphic cusp forms of weight 2, we see
that the function
yc(z)
−2 exp(4πyc(z))FΓ(z) =
∑
f∈B
∣∣∣∣ f(z)qc(z)
∣∣∣∣
2
extends to a subharmonic function on D¯c(ǫ). By the maximum principle for subharmonic functions,
the function assumes its maximum on the boundary. This implies the first inequality. The second
inequality follows from the easily checked fact that the function (ǫyc(z))
2 exp(4π/ǫ− 4πyc(z)) for
y ≥ 1/ǫ assumes its maximum at y = 1/(2π) if ǫ > 2π, and at y = 1/ǫ if ǫ ≤ 2π.
5. Proof of the main result
Our proof of Theorem 2.1 is based on the equation (3.2), the bounds on the hyperbolic Green
function from [3], and on bounds on the function hΓ defined by (3.1). The proof of the latter
bounds occupies most of this section; Theorem 2.1 then follows without difficulties.
Lemma 5.1. Let Γ, Y , η and C be as in Theorem 2.1. Then the function
MΓ(z) =
∑
j≥1
1
λ2j
|φj(z)|2 +
∑
c
1
4πi
∫
ℜs=1/2
1
(s(1− s))2 |Ec(z, s)|
2ds
satisfies
MΓ(z) ≤
(
1
4η2
+ 4
)
C for all z ∈ Y.
Proof . Separating the terms with λj ≤ 1/4, we get (with ∂ΦΓ/∂λ taken in a distributional sense)
MΓ(z) =
∑
j: 0<λj≤1/4
1
λ2j
|φj(z)|2 +
∫ ∞
1/4
1
λ2
∂ΦΓ(z, λ)
∂λ
dλ
≤ 1
η2
Φ(z, 1/4) +
[ 1
λ2
ΦΓ(z, λ)
]∞
λ=1/4
+ 2
∫ ∞
1/4
λ−3ΦΓ(z, λ)dλ
=
(
1
η2
− 16
)
ΦΓ(z, 1/4) + 2
∫ ∞
1/4
λ−3ΦΓ(z, λ)dλ
≤
(
1
η2
− 16
)
C
4
+ 2C
∫ ∞
1/4
λ−2dλ
=
(
1
η2
− 16
)
C
4
+ 8C
=
(
1
4η2
+ 4
)
C,
where the second inequality follows from (2.6).
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Lemma 5.2. Let Γ, Y , η and C be as in Theorem 2.1, and let ζΓ be as in (2.4). Then we have
|hΓ(z)|2 ≤
(
1
4η2
+ 4
)
CζΓ for all z ∈ Y.
Proof . Let X be the compactification of Γ\H. Since the function FΓ is smooth and bounded, we
may consider its spectral representation, say
1
gX
FΓ(z) =
∑
j≥0
bjφj(z) +
∑
c
1
4πi
∫
ℜs=1/2
bc(s)Ec(z, s)ds. (5.1)
Then the definition of hΓ implies that it has the spectral representation
hΓ(z) = −
∑
j≥1
bj
λj
φj(z)−
∑
c
1
4πi
∫
ℜs=1/2
bc(s)
s(1− s)Ec(z, s)ds. (5.2)
(Note the absence of the term corresponding to j = 0.) Now the Cauchy–Schwarz inequality
implies
hΓ(z)
2 ≤MΓ(z)
(∑
j≥1
|bj |2 +
∑
c
1
4πi
∫
ℜs=1/2
|bc(s)|2
)
.
Next, it follows from (5.1), the identity |a20| = 1/volΓ and (2.2) that
∑
j≥1
|bj |2 +
∑
c
1
4πi
∫
ℜs=1/2
|bc(s)|2 =
∫
z∈Γ\H
(
1
gX
FΓ(z)− 1
volΓ
)2
µ
H
(z)
=
1
g2
X
∫
z∈Γ\H
FΓ(z)
2µ
H
(z)− 1
volΓ
=
1
gX
∫
Γ\H
FΓµ
can
X −
1
volΓ
.
(5.3)
Together with Lemma 5.1 and the definition of ζΓ, this finishes the proof.
We now extend our bounds on hΓ to the discs around the cusps.
Lemma 5.3. Let Γ be a cofinite Fuchsian group, and let X be the compactification of Γ\H. Let
c be a cusp of Γ, and let ǫ be a real number satisfying (2.1). For all z ∈ Dc(ǫ), we have
h−Γ,c(z) ≤ hΓ(z) ≤ h+Γ,c(z),
where
h+Γ,c(z) = sup
∂D¯c(ǫ)
hΓ +
1
volΓ
log(ǫyc(z))
and
h−Γ,c(z) = inf
∂D¯c(ǫ)
hΓ −
sup∂D¯c(ǫ) FΓ
gX
( ǫ
4π
)2(
1− exp(4π/ǫ− 4πyc(z))
)
+
1
volΓ
log(ǫyc(z)).
Proof . We note that
∆h+Γ,c(z) = −
1
volΓ
and
∆h−Γ,c(z) =
sup∂D¯c(ǫ) FΓ
gX
(ǫyc(z))
2 exp(4π/ǫ− 4πyc(z))− 1
volΓ
.
By the non-negativity of FΓ and Lemma 4.2, this implies
∆h+Γ,c(z) ≤ ∆hΓ(z) ≤ ∆h−Γ,c(z).
Therefore h+Γ,c−hΓ and hΓ−h−Γ,c are subharmonic functions on D¯c(ǫ). By the maximum principle
for subharmonic functions, each of these functions assumes its maximum on the boundary. The
definitions of h±Γ,c imply that these maxima are non-negative.
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Finally, we prove bounds on the integral
∫
Γ\H hΓµ
can
X .
Lemma 5.4. Let Γ be a cofinite Fuchsian group, let X be the compactification of Γ\H, and let
η > 0 be such that the spectrum of −∆Γ is contained in {0} ∪ [η,∞). Then we have
−ζΓ/η ≤
∫
Γ\H
hΓµ
can
X ≤ 0.
Proof . We use the spectral representations (5.1) and (5.2). We obtain∫
Γ\H
hΓµ
can
X =
∫
z∈Γ\H
hΓ(z) · 1
gX
FΓ(z)µH(z)
= −
∑
j≥1
|bj |2
λj
−
∑
c
1
4πi
∫
ℜs=1/2
|bc(s)|2
s(1− s) .
We note that the right-hand side is non-positive. Next, the assumption that the spectrum of −∆Γ
is contained in {0} ∪ [η,∞) implies
∫
Γ\H
hΓµ
can
X ≥ −
1
η
(∑
j≥1
|bj |2 +
∑
c
1
4πi
∫
ℜs=1/2
|bc(s)|2ds
)
.
Together with (5.3), this proves the claim.
Proof of Theorem 2.1. Part (a) of the theorem follows from the comparison formula (3.2), the
bound (2.5) for grΓ, the bound on for hΓ given by Lemma 5.2, and the bound on
∫
Γ\H hΓµ
can
X
given by Lemma 5.4.
The proof of parts (b)–(d) is similar. We first note that, by Lemmata 5.2 and 5.3,
−S − T (ǫc) ≤ hΓ(z)− 1
volΓ
log(ǫcyc(z)) ≤ S for all z ∈ Dc(ǫc),
and similarly with ǫ′
c
in place of ǫc. Instead of (2.5) we now invoke [3, Proposition 5.5], which gives
bounds for the function grΓ when one or both variables are near a cusp. As in the proof of (a), it
remains to apply the formula (3.2) and Lemma 5.4.
6. Example: congruence subgroups of SL2(Z)
Let Γ be a congruence subgroup of SL2(Z) such that the corresponding modular curve X has
positive genus. Let n be the level of Γ, i.e. the minimal positive integer with the property that Γ
contains the kernel of the reduction map SL2(Z)→ SL2(Z/nZ).
We start by fixing the various parameters. For the parameter δ from Theorem 2.1, we take
δ = 2.
Selberg’s eigenvalue conjecture predicts that all non-zero eigenvalues of −∆Γ are at least 1/4.
This is at present not known to be true, but the sharpest known lower bound, due to Kim and
Sarnak [12, Appendix 2], allows us to take
η = 975/4096.
We define
ǫ = (δ +
√
δ2 − 1)−3/2 ≈ 0.139 and ǫ′ = (δ +
√
δ2 − 1)−1/2 ≈ 0.518.
Let Y0 denote the compact subset of SL2(Z)\H which is the image of the strip
{x+ iy ∈ H | |x| ≤ 1/2 and
√
3/2 ≤ y ≤ 1/ǫ}.
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For every cusp c of Γ, we letmc denote the ramification index of c over the unique cusp∞ of SL2(Z);
this equals the index of the corresponding maximal parabolic subgroups considered modulo {±1}.
For the parameters ǫc and ǫ
′
c
, we take
ǫc = mcǫ and ǫ
′
c
= mcǫ
′.
Using the definition of Cc(γ), it is not hard to show that
min
γ∈Γ
γ 6∈Γc
Cc(γ) ≥ mc.
This implies that the parameters ǫc and ǫ
′
c
satisfy the conditions in Theorem 2.1. As in Theorem 2.1,
let Y be the complement of the discs Dc(ǫc). Then Y is the inverse image of Y0 in Γ\H.
We will need an upper bound on the point counting function NΓ(z, 17) for z ∈ Y0. It is clear
from the definition of NΓ(z, U) that
sup
z∈Y
NΓ(z, U) ≤ sup
z∈Y0
NSL2(Z)(z, U).
Using the methods of [3, § 4.3], we have
NSL2(Z)(z, 17) ≤ 226 for all z ∈ Y0. (6.1)
We next compute suitable A and B satisfying (2.5). For this we use (6.1) and the remaining part
of [3, § 4.3], with the same parameters α±, β± and γ±. The result is
A = −3.00 · 104 and B = 1.58 · 104.
We next find a suitable value of the parameter C. We use [3, Lemma 2.4], which says
ΦΓ(z, λ) ≤ π
(2π − 4)2NSL2(Z)(z, 17)λ for all z ∈ H and all λ ≥ 1/4.
The inequality (6.1) implies that we can take
C = 137.
We continue with explicit bounds on the canonical (1, 1)-form. For the parameter a from
Proposition 4.1, we take
a = 1.44.
Again using the method from [3, § 4.3], we compute an upper bound for NSL2(Z)(z, 2a2 − 1) for
z ∈ Y0. The result is
NSL2(Z)(z, 2a
2 − 1) ≤ 58 for all z ∈ Y0.
Substituting this in the bound from Proposition 4.1, we see that
sup
Y
FΓ ≤ 25.7.
For every cusp c, Lemma 5.3 implies
sup
Dc(ǫc)
FΓ ≤ max
{
1,
( ǫc
2π
)2}
sup
Y
FΓ.
From the definition of ǫc and the fact that all ramification indices mc are bounded by the level n
of Γ, we conclude
sup
X
FΓ ≤ max
{
1,
(nǫ
2π
)2}
sup
Y
FΓ
≤ max{25.7, 0.0126n2}.
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Finally, we consider the invariant ζΓ. Using
∫
X µ
can
X = 1 and gX ≥ 1, we make the rather
coarse estimate
ζΓ ≤ sup
X
FΓ ≤ max{25.7, 0.0126n2}.
Proof of Theorem 1.1. With the above estimates, we obtain the following bounds on the various
constants in the theorem:
S ≤ max{172, 3.79n},
T (ǫc) ≤ 0.00313n2,
T (ǫ′
c
) ≤ 0.0436n2,
A˜c ≥ −3.00 · 104 − 0.0279n,
B˜c ≤ 1.58 · 104 + 0.0279n.
The theorem follows from Theorem 2.1 and the above bounds.
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